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We are going to consider gravitational fields in

a space of dimension N using the divergence

to calculate the field strength and hence the

force.

(This is actually also using a gravitational ver-

sion of Gauss’s Law)

For a source of gravity field:

(∇ · ~g) = −4πGρ

Gravitational field is spherically symmetric

~g(~r) = f(r)~r
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In N dimensions, the definition of distance from

a point is

r =

√√√√√ N∑
i=1

x2
i

which leads to

∂r

∂xj
=

xj

r

for each xj.

From this we can get the divergence of f(r)~r in

N dimensions (prob 6.5b)

(∇ · ~g) = Nf(r) + r
∂f

∂r
.

Outside the sun the divergence vanishes, and

this can be integrated as a d. e. to get

~g(~r) = −
A

rN−1
r̂

A doesn’t matter for our stability argument.
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~Fgrav = −
Am

rN−1
r̂

If we consider ourselves to be in a rotating ref-

erence frame∗ following the planet in a circular

orbit, there is a centrifugal force

Fcent =
mv2

r
r̂.

And these must balance for the circular orbit

to stay in equilibrium:

~Fgrav + ~Fcent = 0.

This gives us a speed (prob. 6.5 d)

v =

√
A

rN−2

for a circular orbit.

∗Remember that the centrifugal force is a psuedoforce
produced by an accelerated frame.
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Perturbation

Now assume something wiggles our planet:

r → r + δr, δ~r = δrr̂.

The forces will also change in this case.

First assume δr > 0, we move away from the

Sun, δ~r points outward. The orbit will be sta-

ble if the change in the forces points backto

the Sun:

(δ~Fgrav + δ~Fcent) · δ~r < 0 stability.

If we move in δ~r points toward the sun, so we

want the perturbation of forces to point away,

which means the above is still true: this is our

criterion for stability.
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In order to get the change in centrifugal force,

use conservation of angular momentum:

mrv = m(r + δr)(v + δv)

rv = rv + rδv + vδr + δrδv

drop the second order terms, cancel rv

0 = rδv + vδr

δv = −
v

r
δr
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To show stability, we can use, for example

δFgrav =
∂Fgrav

∂r
δr

to get

δ~Fcent = −
3mv2

r2
δ~r

δ~Fgrav = (N − 1)
Am

rN
δ~r.

These can be substituted into the stability con-

dition to find that orbits are stable in less than

four dimensions, as shown on the next slide.
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(
−

3mv2

r2
δ~r + (N − 1)

Am

rN
δ~r

)
· δ~r < 0

The dot products of the vectors will be posi-

tive, so (
−

3mv2

r2
+ (N − 1)

Am

rN

)
< 0.

Substitute in expression for v2:(
−

3mA

r2(rN−2)
+ (N − 1)

Am

rN

)
< 0,(

−
3

rN
+

N − 1

rN

)
< 0,

−3 + N − 1 < 0

N < 4.

So stability under small radial perturbations re-

quires N < 4, so a gravitational field will only

have stable orbits in three dimensions or less.
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